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PROBABILITY OF COLLISION WITH SPECIAL PERTURBATIONS
DYNAMICS USING THE MONTE CARLO METHOD

Chris Sabol∗, Christopher Binz and Alan Segerman†, Kevin Roe‡, and Paul W.
Schumacher, Jr.§

Special perturbations-based Monte Carlo methods were used to investigate ap-
proaches for estimating the probability of collision between two satellites. Sample
populations for each satellite are produced via the covariance at epoch, then each
sample is propagated to the time span of interest where the closest point of ap-
proach between samples is determined. The output of the Monte Carlo analyses
produce a cumulative distribution function of miss distance, which, given the com-
bined radius of the two satellites, can be translated into a probability of collision
estimate. Comparisons are made against an analytical method and a two-body
Monte Carlo method for LEO and GEO orbit cases. Additionally, the impact
of covariance realism is considered through the introduction of a scale factor to
the covariance matrix. The results indicate that, although the analytic method
matches the Monte Carlo methods at the time of closest approach for the LEO
case, the probability of collision calculations are in error likely because the prop-
agated Cartesian covariance used as input do not adequately represent the orbit
error probability distributions; these errors may be smaller, however, than errors
due to covariance realism in general. A high performance computing framework
called Collision and Conjunction Analysis (CoCoA), using shared or distributed
memory, was utilized to generate results in a timely manner.

INTRODUCTION

The United States relies on space for both defense and civil purposes more than any other nation.
Maintaining free access to space is of critical importance for safe operations of satellites (weather
monitoring, television, GPS, Earth observation, etc.). As the number of orbiting space objects has
grown over the past 50 years, the risk of inadvertent collisions between satellites has also grown.
Since the unanticipated collision of an active US Iridium communications satellite with an inactive
Russian satellite in February, 2009, there has been heightened awareness of these risks and the po-
tential impacts they have on our ability to maintain free access to space and safe satellite operations.

The ability to accurately predict the probability of collision between any two satellites is one of
the most important space situational awareness products for two reasons. First, for maneuverable
satellites, it provides the actionable information required on whether a collision avoidance maneuver
is warranted. Second, for all cases, it allows for the posturing of space surveillance resources to
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observe and catalog potential debris, which is critical because debris pieces can pose a collision risk
to other satellites.

Accurately calculating the probability of collision is not straightforward and requires the integra-
tion of a multi-dimensional probability distribution function over an overlap in multi-dimensional
space. In practice, various simplifying assumptions are made which allow for analytical estimates
to be made.1–5 These assumptions may not always be appropriate and thus rigorous verification and
validation is required.

Using a Monte Carlo approach to this problem has the potential to eliminate several of the de-
ficiencies of simplified analytical methods. In addition to allowing for nonlinear relative motion,
using a Cartesian covariance, which has been shown to be a poor choice for orbit error distribution,
can be avoided.6, 7 Of course, even with the Monte Carlo approach, the assumption of covariance
realism at epoch is inherent. The impact of covariance realism is separately considered in this paper
through the introduction of a scale factor to the covariance matrix.

Monte Carlo estimation has been applied to the probability of collision problem previously,8

however this work differs in two important ways. The study conducted by Alfano uses a basic two-
body dynamical model to assess the performance of various analytical methods proposed, while
this work utilizes a full fidelity Special Perturbations (SP)-based Monte Carlo method as truth.
Additionally, the use of high performance computing makes the SP-based Monte Carlo approach
practical as a stand-alone tool if required.

A high performance computing framework called Collision and Conjunction Analysis (CoCoA),
using shared or distributed memory, was utilized to generate results in a timely manner. CoCoA
provides the ability to perform Monte Carlo-based probability of collision calculations using opera-
tionally relevant SP orbit propagators as well as, through slight modification, all-on-all conjunction
analysis.

This paper describes the formulation of the SP-based Monte Carlo approach, which is considered
truth for the analysis where the samples are taken near the orbit determination observation span.
Comparisons are then made to Alfano’s analytic approach8 as well as Monte Carlo approaches
utilizing two-body and SP-based propagation near time of closest approach. Finally, the effect of
scaling the covariance before sampling is revisited as a measure of the sensitivity of this calculation
to errors in the uncertainty distribution.9

IMPLEMENTATION

The Monte Carlo analysis samples the orbit error distribution of each satellite at an epoch time
and propagates them to find the time and distance of closest approach. Two different approaches are
taken: 1) an all-on-all sample comparison implementation well suited to shared memory computa-
tion, and 2) an individual sample-on-sample comparison implementation better suited to distributed
memory computations.

In both approaches, two satellite states, along with the corresponding covariance matrices, are
given. The sample space for each satellite is populated by multiplying the Cholesky decomposition
of the covariance matrix by a vector with random Gaussian-distributed elements, then adding this
to the nominal state. The gasdev routine from Numerical Recipes was used to generate the random
vector of the length of the satellite state.10 The result is a Gaussian distribution of sample states in
position, velocity, and solar radiation pressure and drag coefficients. Tests were performed where

2



the covariance was empirically recovered from the sample states and was shown to match the co-
variance used to generate the sample states within expected tolerances. It is important to note that
the sampling is done in Cartesian space, which may have an impact on some of the results.

The sampling of the initial conditions is done either at some epoch or at the nominal time of
closest approach. For the epoch state case, each sample is independently propagated to the nominal
time of closest approach (tCA), and a vector table is created for the time-frame t = tCA ± P/4,
where P is the period of the nominal satellite. In the analysis considered here the orbit epoch is
assumed to be five days prior to tCA.

For the all-on-all approach, all samples for each satellite are propagated and each sample from the
first population is then analyzed against every sample from the second, and the minimum relative
distance is found. The result of the complete all-on-all analysis is a cumulative distribution function
(CDF) of miss distance, which is equivalent to the probability of collision distribution as a function
of combined object radius. This is conceptually shown in Figure 1. The advantage to this approach
is that 2N propagations are required to produce N2 close approach samples, which is dramatically
more efficient than the sample-on-sample approach. The disadvantage of this approach is that not all
of the are samples completely independent. To study conjunction analysis with CoCoA, the vector

Figure 1. All-on-all Monte Carlo conjunction analysis

table and comparison loops are simply modified to compare trajectories for N satellites as opposed
to N trajectory samples for two satellites.

SP-based orbit propagation for the all-on-all approach is achieved using the Naval Research Lab-
oratory’s SPeCIAL-K software,11 originally developed for operational use at DSC2 (Distributed
Space Command and Control) - Dahlgren. The SPeCIAL-K software suite uses a Gauss-Jackson
special perturbations predictor-corrector as its integrator, and permits a variety of force models and
control parameters for orbit determination and propagation. The propagator application, known as
EphGen, produces a satellite ephemeris at either uniform or non-uniform time steps, in any one
of six available coordinate systems. In its operational configuration, EphGen extracts the epoch
state data, force model selections, space environment data, and time constants from an Oracle
database. However, the current application requires higher performance than is possible when us-
ing a database. Therefore, in order to improve speed and accommodate the large number of runs
required, the database queries are replaced with reads from a set of flat files. In addition to the SP
approach, an analytic two-body propagator version is also available using software from Vallado.12

Because all trajectories are propagated and then stored for comparison, this approach is well
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suited to shared memory computing environments. The Air Force Research Laboratory Defense
Supercomputing Resource Center (AFRL DSRC) Hawk system offers shared memory access with
up to 500 processing cores. At the time of this writing, only the all-on-all comparison portion of the
code has been parallelized using OpenMP and the SP propagation is performed serially. Efforts are
underway to parallelize the propagation portion as well. Because of this current limitation, cases
involving 40,000 close approaches, from 200 orbit propagations, were routinely considered.

The sample-on-sample approach avoids the correlation between samples of the all-on-all ap-
proach by only comparing one sample from the Satellite 1 population to one sample from the Satel-
lite 2 population. This makes each pair of trajectory samples and the resulting close approach
independent of all others. This approach is well suited to distributed memory computing systems
but requires 2N propagations to produce N close approach samples and thus requires significantly
more computations than the all-on-all approach. The SP orbit propagation for the sample-on-sample
approach was provided by the Linux R&D version of the Goddard Trajectory Determination Sys-
tem13 used by the Air Force Maui Optical and Supercomputing site.

Because each pair of propagations and resulting comparison is independent of all others, this
approach is easily parallelized on distributed memory computing platforms. Typically, 100,000
close approaches, requiring 200,000 SP orbit propagations, were performed. For this work, the
Maui High Performance Computing Center Defense Supercomputing Resource Center (MHPCC
DSRC) Mana system was used. Mana offers 9,216 processing cores, although only 40 were used
for this study.

Both approaches produced trajectory information for each sample on one minute intervals and
saved the position vectors into a memory table. The conjunction analysis algorithm stepped through
this vector table minute-by-minute, searching for an instance where the relative position vector
between trajectories at time t− 1 was less than the relative position at time t− 2 and time t. Once
this criterion was met, third order Lagrange interpolation of the trajectories was used along with
the Numerical Recipes Brent function to find the time and distance of closest approach;10 CoCoA
actually minimizes the square of the close approach distance. The one minute interval was chosen
because analysis showed the interpolation to be accurate to less than 1m. The approach is not
elegant, but it is effective.

Analytical Method

The primary assumption in this work is that the SP-based Monte Carlo approach provides the best
assessment of the true probability of collision (provided the covariance information is correct, which
can be controlled in simulation). Other approaches can then be compared against this truth to test
their validity. For this paper, Alfano’s method2 is chosen as a representative analytic approach that
can be compared against the Monte Carlo truth. Alfano’s method was chosen due to the excellent
documentation provided over the years and publications that show it to agree with other analytic
approaches.8

For Alfano’s approach, the satellite states and covariance matrices are propagated to the nominal
time of closest approach. Then, the overlap of the two position uncertainty ellipsoids is estimated in
two dimensions (defined by the plane normal to the relative velocity vector). Alfano assumes linear
relative motion near the time of closest approach and a “fast” conjunction time span (such that
the uncertainty can be assumed to be constant). This is computationally inexpensive, and provides
reasonably accurate results when the assumptions are met.
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Table 1. LEO test case state vectors at close approach (position in km, velocity in km/s).

Satellite 1 Satellite 2

X 6999.930 6999.930
Y 0 0
Z 0 0
Ẋ 0 0
Ẏ 7.546129 0
Ż 0 7.546129
Cd 2.0 2.0
Cr 1.2 1.2

Table 2. GEO test case state vectors at close approach (position in km, velocity in km/s).

Satellite 1 Satellite 2

X −12327.43 -12327.43
Y 40321.23 40321.23
Z 0 0
Ẋ -2.940347 -2.940340
Ẏ -0.8989545 -0.8989202
Ż 0 0.0026832
Cd N/A N/A
Cr 1.2 1.2

For the LEO cases, a 40×40 WGS-84 gravity field and Jacchia-70 drag model with F10.7cm
= 150 and Ap = 10 were used, as well as luni-solar gravity and solar radiation pressure. The
drag coefficient was included in the state but the SRP was assumed to be perfectly known. The
SRP coefficient is included in the covariance matrices in the Appendix but one can see that the
correlation terms are zero and no variations to the SRP were included in the LEO Monte Carlo
analysis. Similarly, for the GEO cases, an 8×8 WGS-84 gravity field, luni-solar gravity, and solar
radiation pressure was used. Atmospheric drag was not used in the GEO cases; the drag coefficient
is included in the covariance matrices in the Appendix but one can see that the correlation terms are
zero and no drag accelerations were included in the GEO Monte Carlo analysis. In all cases, the
satellites were assumed to be spherical with an area to mass ratio of 0.01.

RESULTS

An initial comparison is made between Alfano’s analytical method and a two-body version of the
Monte Carlo method, with sampling done at tCA. By using two-body dynamics, and not propagating
to tCA from some epoch time, this provides a case which is suitably similar to Alfano’s method
to use for verification and validation. As expected, Figures 3(a) and 3(b) show good agreement
between the two approaches. Additionally, changing the seed for the random number process results
in overlapping Monte Carlo distributions – evidence that the results are statistically consistent with
a satisfactory number of samples for these purposes.

Comparisons are then made between the two-body and special perturbations propagators. Again,
both objects are sampled at tCA. As a result, there is only a quarter revolution of propagation time
for perturbing forces to manifest themselves, and good agreement is to be expected. This behavior
is shown in Figures 4(a) and 4(b).
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Alfano’s analytic approach, which is representative of its class, along with other Monte Carlo imple-
mentations epoched near the time of closest approach were compared against this truth for a LEO
and GEO collision case.

All probability of collision methods considered require an accurate representation of the orbit
error distribution at some point in time. It is believed that the Cartesian representation of the co-
variance near the time of closest approach for the LEO test case did not adequately reflect the orbit
error distribution and thus the methods that used this covariance did not agree with the SP-based
Monte Carlo derived from the differential correction epoch. These differences might be avoided if
the covariance in element space were used. For the GEO case, where the time of closest approach
and differential correction epoch are only five orbits apart, all methods are in agreement.

Additional analysis was performed to examine the impact of covariance errors on the probabil-
ity of collision. As in previous work, significant probability of collision differences were observed
with reasonable covariance scale errors. These differences are larger than the differences observed
between the analytic probability of collision method and the assumed truth SP-based Monte Carlo
results. Thus, for practical purposes, limitations in the analytic approaches for probability of colli-
sion calculations are likely acceptable.

If one wanted to implement the Monte Carlo method in place of an analytic approach, the results
show that a 2-body Monte Carlo provides similar results to the SP-based Monte Carlo when initiated
near the time of closest approach; thus, the Monte Carlo approach can be computationally cheap if
sampling the covariance in element space provides the expected results. Even if that were not the
case, through the use of the all-on-all trajectory sample approach and the use of shared memory
high performance computing, the full SP-based Monte Carlo approach using the covariance at the
differential correction epoch is still viable.

Future work in this area remains rich. First, this work needs to be extended to use an element-
based covariance sampling approach. Next, it is suggested that a 100,000 by 100,000 conjunction
analysis, already demonstrated with CoCoA, be used to generate test cases for this type of analysis.
The result would be a broad spectrum of test scenarios where the approaches could be better vetted.
Even though the GEO test case here showed agreement between methods, Alfano has shown similar
cases where the analytic method was not as accurate.8 Additionally, the Monte Carlo analysis for
truth could occur in the observation simulation phase, thus capturing the effects of poorly modeled
sensor errors, mismodeled dynamics, and the impact of linearizing about the estimated trajectory
rather than truth.

It is also interesting to note that the two-body Monte Carlo results match the SP-based Monte
Carlo when initiated at the time of closest approach. If the covariance were sampled in element
space and matched the distribution produced when sampling at epoch, this would imply that a
2-body-based Monte Carlo may be sufficient and would dramatically reduce computational require-
ments when combined with the all-on-all approach.
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ẋ
ẏ

ż
C

d
C

r

X
1

-8
75

16
15

.5
40

00
00

0
41

24
74

56
.3

10
00

00
-1

30
5.

11
49

59
00

00
0

-3
00

7.
56

72
48

00
00

0
-6

38
.3

23
99

01
00

00
0

-0
.5

17
97

81
36

00
00

00
2.

0
1.

2

P1
66

02
9.

00
73

16
49

45
-7

33
69

.5
88

25
64

33
6

11
.6

99
31

63
82

62
19

-8
.6

52
58

45
50

21
96

2
10

.9
80

73
44

04
48

36
-0

.0
01

63
41

28
94

70
72

46
0.

0
-0

.1
10

30
48

50
13

24
76

-7
33

69
.5

88
25

64
33

6
17

38
90

.7
44

45
14

66
-2

0.
99

54
22

37
08

69
8

18
.2

11
92

36
13

56
21

-2
0.

74
60

52
01

25
91

2
0.

00
40

09
92

60
19

55
81

8
0.

0
0.

50
10

19
16

42
93

33
4

11
.6

99
31

63
82

62
19

-2
0.

99
54

22
37

08
69

8
18

62
0.

96
52

52
96

96
-0

.0
02

17
24

32
28

87
78

26
0.

00
29

13
40

58
78

83
32

4
-1

.1
73

06
41

37
10

26
0

0.
0

0.
00

16
82

49
94

63
06

21
6

-8
.6

52
58

45
50

21
96

2
18

.2
11

92
36

13
56

21
-0

.0
02

17
24

32
28

87
78

26
0.

00
19

44
53

02
97

52
86

9
-0

.0
02

28
55

44
18

60
70

30
3.

81
93

64
90

14
90

29
e-

07
0.

0
6.

01
43

04
25

36
49

82
e-

05
10

.9
80

73
44

04
48

36
-2

0.
74

60
52

01
25

91
2

0.
00

29
13

40
58

78
83

32
4

-0
.0

02
28

55
44

18
60

70
30

0.
00

28
70

22
84

85
78

10
3

-5
.0

15
76

53
35

56
97

9e
-0

7
0.

0
-0

.0
00

15
97

77
22

64
91

05
6

-0
.0

01
63

41
28

94
70

72
46

0.
00

40
09

92
60

19
55

81
8

-1
.1

73
06

41
37

10
26

0
3.

81
93

64
90

14
90

29
e-

07
-5

.0
15

76
53

35
56

97
9e

-0
7

0.
00

02
75

97
16

23
00

03
73

0.
0

-1
.3

66
48

13
28

35
62

4e
-0

6
0.

0
0.

0
0.

0
0.

0
0.

0
0.

0
1.

0
0.

0
-0

.1
10

30
48

50
13

24
76

0.
50

10
19

16
42

93
33

4
0.

00
16

82
49

94
63

06
21

6
6.

01
43

04
25

36
49

82
e-

05
-0

.0
00

15
97

77
22

64
91

05
6

-1
.3

66
48

13
28

35
62

4e
-0

6
0.

0
0.

00
99

99
99

93
32

15
96

2

X
2

-8
73

21
50

.6
21

00
00

0
41

25
15

44
.1

10
00

00
-4

60
5.

08
53

19
00

00
0

-3
00

7.
86

17
60

00
00

0
-6

36
.8

69
56

22
00

00
0

2.
15

43
36

23
10

00
00

2.
0

1.
2

P2
65

94
1.

80
90

32
20

62
-7

32
92

.3
74

07
02

83
2

-9
.3

47
45

09
07

77
44

1
-8

.6
35

12
52

98
01

08
2

10
.9

68
14

25
92

42
50

0.
00

23
16

66
06

09
84

57
3

0.
0

-0
.1

10
04

50
17

87
09

09
-7

32
92

.3
74

07
02

83
2

17
39

28
.2

59
28

93
40

1.
39

76
12

48
23

90
79

18
.2

00
84

00
79

71
19

-2
0.

74
75

16
57

96
79

3
-0

.0
07

58
47

08
08

15
08

35
0.

0
0.

50
11

70
89

27
08

56
0

-9
.3

47
45

09
07

77
44

1
1.

39
76

12
48

23
90

79
18

62
4.

75
31

38
41

78
-0

.0
00

49
61

27
28

77
87

73
9

-0
.0

01
37

34
56

55
04

69
66

-1
.1

73
28

28
38

06
88

1
0.

0
0.

00
16

50
62

67
82

58
97

9
-8

.6
35

12
52

98
01

08
2

18
.2

00
84

00
79

71
19

-0
.0

00
49

61
27

28
77

87
73

9
0.

00
19

41
58

75
95

42
77

8
-0

.0
02

28
35

38
93

28
49

58
-5

.7
64

14
04

86
12

80
4e

-0
7

0.
0

6.
00

38
21

18
62

86
79

e-
05

10
.9

68
14

25
92

42
50

-2
0.

74
75

16
57

96
79

3
-0

.0
01

37
34

56
55

04
69

66
-0

.0
02

28
35

38
93

28
49

58
0.

00
28

69
76

36
04

47
09

0
9.

35
31

38
51

78
47

30
e-

07
0.

0
-0

.0
00

15
96

44
67

78
68

32
1

0.
00

23
16

66
06

09
84

57
3

-0
.0

07
58

47
08

08
15

08
35

-1
.1

73
28

28
38

06
88

1
-5

.7
64

14
04

86
12

80
4e

-0
7

9.
35

31
38

51
78

47
30

e-
07

0.
00

02
75

93
31

05
22

65
32

0.
0

-1
.3

78
99

93
74

20
72

0e
-0

6
0.

0
0.

0
0.

0
0.

0
0.

0
0.

0
1.

0
0.

0
-0

.1
10

04
50

17
87

09
09

0.
50

11
70

89
27

08
56

0
0.

00
16

50
62

67
82

58
97

9
6.

00
38

21
18

62
86

79
e-

05
-0

.0
00

15
96

44
67

78
68

32
1

-1
.3

78
99

93
74

20
72

0e
-0

6
0.

0
0.

00
99

99
99

93
31

62
02

1

Ta
bl

e
6.

In
er

tia
ls

ta
te

(X
1

&
X

2)
an

d
co

va
ri

an
ce

(P
1

&
P2

)f
or

th
e

G
E

O
ca

se
at

t C
A

(u
ni

ts
in

m
an

d
s)

.
x

y
z

ẋ
ẏ
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